The covering problem for finite rings with respect to the RT-metric  by Yildiz, Bahattin et al.
Applied Mathematics Letters 23 (2010) 988–992
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
The covering problem for finite rings with respect to the RT-metric
Bahattin Yildiz a,∗, Irfan Siap b, Tevfik Bilgin a, Gursel Yesilot b
a Department of Mathematics, Fatih University, 34500, Istanbul, Turkey
b Department of Mathematics, Yildiz Technical University, 34210, Istanbul, Turkey
a r t i c l e i n f o
Article history:
Received 26 January 2010
Received in revised form 19 April 2010
Accepted 20 April 2010
Keywords:
RT-metric
0-short covering
Covering
Short covering
R-balls
a b s t r a c t
In this work, the cardinality of the minimal R-covers of finite rings with respect to the
RT-metric is established. By generalizing the result in Nakaoka and dos Santos (2010) [1],
the minimal cardinalities of 0-short coverings of finite chain rings are calculated. The
connection between R-short coverings of rings with respect to the RT-metric and the 0-
short coverings of rings is demonstrated, andwith the help of this connection, the problem
of finding the minimal cardinalities of R-short coverings of finite chain rings is solved.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The covering problem for finite fields and finite rings has long been studied by researchers in connection with coding
theoretical and combinatorial applications (see [1–3]).
A type of covering for finite rings that uses the algebraic structure was first introduced by Nakaoka and dos Santos in [2]
and later used in [1] where results regarding the minimal cardinalities of short coverings of some finite rings are obtained.
The main distance used in these works is the Hamming distance.
In this work, we focus on the covering problem with respect to the Rosenbloom–Tsfasman metric, which will for short
be denoted as the RT-metric. This metric was introduced by Rosenbloom and Tsfasman in [4] and has since proven to be a
quite useful metric in coding theory. Recently, there has been great interest in codes with respect to this metric. For some
of the coding theoretical applications we refer the reader to [5–8].
We first introduce some necessary definitions:
Definition 1.1 (The RT-metric). Let A be any alphabet, in our case a finite ring. For a = (a1, . . . , an) and b = (b1, . . . , bn) ∈
An, we let
dRT(a, b) = max{1 ≤ i ≤ n|ai 6= bi}. (1.1)
Definition 1.2. By an RT-ball of radius R centered at a ∈ An we mean
BRT(a, R) = {x ∈ An : dRT(a, x) ≤ R}. (1.2)
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Definition 1.3. A subset H of An is an R-cover of An with respect to the RT-metric if
An ⊆
⋃
h∈H
BRT(h, R). (1.3)
Now, to define the R-short covering of An with respect to the RT-metric, for fixed a ∈ A, we let
ERT(a, R) =
⋃
α∈A
BRT(αa, R). (1.4)
Definition 1.4. A subset H of An is an R-short cover of An with respect to the RT-metric if and only if
An ⊆
⋃
h∈H
ERT(h, R). (1.5)
In [1], the authors focused on the 0-short cover of rings which is universal and doesn’t depend on the metric, in particular
we can say that a subset H of An is a 0-short cover of An if
An ⊆
⋃
h∈H,α∈A
{αh}. (1.6)
Theminimal cardinalities of an R-covering and of an R-short covering of An with respect to the RT-metric will be denoted
by KRT(An, R) and cRT(A, n, R) respectively, while the minimal cardinality of a 0-short covering of An will be denoted by
c(A, n, 0).
In Section 2, the problem of finding KRT(An, R) for any finite ring Awill be solved.
In Section 3, we generalize the main result obtained in [1] to finite chain rings by using a construction similar to that
introduced in [1]. Further, the connection between the R-short covers of An with respect to the RT-metric and 0-short covers
of An−R will be established. This connection will be used together with the generalization to solve the problem of finding
cRT(A, n, R) for all finite chain rings A. Numerical results for some particular examples of rings will be given as corollaries.
Section 4 will conclude the paper with some possible directions and comments.
2. Finding KRT(An,R)
As always, we take A to be a finite ring with |A| = q. With the definitions in the introduction part we start with the
following two quick lemmas:
Lemma 2.1. For an a ∈ An, we have
|BRT(a, R)| = qR.
Proof. We first observe that dRT(a, b) ≤ R if and only if ai = bi for all i ≥ R+ 1. This means that x ∈ BRT(a, R) if and only if
xi = ai for all i ≥ R+ 1. So, we have freedom in the first R coordinates of x, for each such coordinate we have q choices, and
so we get the desired result. 
Lemma 2.2. If dRT(a, b) > R then BRT(a, R) ∩ BRT(b, R) = φ.
Proof. Suppose x ∈ BRT(a, R) ∩ BRT(b, R). This means that dRT(a, x) ≤ R and so
xi = ai, i = R+ 1, R+ 2, . . . , n. (2.1)
Similarly, we have dRT(b, x) ≤ R and so we get
xi = bi, i = R+ 1, R+ 2, . . . , n. (2.2)
But, now combining (2.1) and (2.2) we get
xi = ai = bi, i = R+ 1, R+ 2, . . . , n (2.3)
which implies dRT(a, b) ≤ R, a contradiction. 
So, now we are ready to give the main result concerning the minimum R-covers with respect to the RT-metric:
Theorem 2.3. Let A be a finite ring with |A| = q and let KRT(An, R) be the size of a minimal R-covering of An with respect to the
RT-metric. Then
KRT(An, R) = qn−R.
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Proof. By Lemma 2.1, we know that
KRT(An, R) ≥ qn−R.
Hence, we construct aminimal covering inductively. We begin with any vector a ∈ An. If An = BRT(a, R), thenwe are done. If
not, then choose b ∈ An\BRT(a, R), whichmeans dRT(a, b) > R and so by Lemma 2.2we know that BRT(a, R)∩BRT(b, R) = φ.
Now BRT(a, R)∪BRT(b, R) contains 2qR elements. Again we checkwhether BRT(a, R)∪BRT(b, R) = An; if so, thenwe are done,
and if not, we choose c ∈ An \ (BRT(a, R) ∪ BRT(b, R)) and so on. This process will end in a finite number of steps and will
give us a minimal cover of An. 
3. Finding cRT(A, n,R)
3.1. Generalizing the result in [1]
In [1], the authors showed that c(Zq, n, 0) equals ( p
n−1
p−1 )(
q
p )
n−1, where q = pr is a prime power. In the proof, the main
idea that is used is the fact that in Zq, every non-zero and non-unit element is a zero-divisor and hence can be written as piu
for some i 6= 0 and unit u. This is true for all finite chain rings. By observing some properties of finite chain rings from [9]
and by using arguments similar to those in [1], we prove the following result:
Theorem 3.1. Let A be a finite chain ring such that A/N ' Fq where N is themaximal ideal of A, and Fq is a field with q elements,
and the nilpotency index is m and all ideals of A can be written as A ⊇ N = pA ⊇ p2A ⊇ · · · ⊇ pmA = 0 for some p ∈ A. So,
|A| = qm and |U(A)| = qm − qm−1. Here, U(A) denotes the set of units in A. Then,
c(A, n, 0) =
(
qn − 1
q− 1
)(
qm
q
)n−1
.
Proof. We set
Hi =
{
(x1, x2, . . . , xn) ∈ An|x1, x2, . . . , xi−1 6∈ U(A), xi = 1
}
for i = 1, 2, . . . , n. First, we compute |Hi|. Since the first i− 1 coordinates are to be non-units, we have qm− (qm− qm−1) =
qm−1 choices for each of those coordinates. Since there are no restrictions for the last n − i coordinates, they can take any
value possible, which means
|Hi| = (qm−1)i−1(qm)n−i = (qm)n−1q1−i, (3.1)
for i = 1, 2, . . . , n. Let us show that ∪ni=1 Hi is a 0-short covering of An. We pick an arbitrary element v = (v1, v2, . . . , vn)
in An. If every coordinate of v is a non-unit, then for each 1 ≤ i ≤ n we might write vi = aipsi , with ai ∈ U(A) and
si > 0. Let k be the first index such that sk = min{s1, s2, . . . , sn}. It is clear that, if hi = a−1k aipsi−sk , i = 1, 2, . . . , n, then
h = (h1, h2, . . . , hn) ∈ H and v = akpskh. Since akpsk ∈ A, by definition of the short cover, this means v ∈ E(h, 0) and so we
are done.
So, we may assume that v has at least one coordinate in U(A). If vi is the first coordinate of v belonging to U(A), then
letting h = (v−1i v1, v−1i v2, . . . , v−1i vn), we see that the first i − 1 coordinates of h are non-units and hi = 1 and so h ∈ Hi
and hence h ∈ H . But v = vih and so we see that v ∈ E(h, 0). This proves that H is indeed a 0-short covering of An and so
c(A, n, 0) ≤ |H| =
∑
i
|Hi| = (qm)n−1
n∑
i=1
q1−i =
(
qn − 1
q− 1
)(
qm
q
)n−1
.
In order to prove the equality, we let K be a minimal 0-short covering of An and set
Ki = {(x1, . . . , xn) ∈ K |x1, x2, . . . , xi−1 6∈ U(A), xi ∈ U(A)},
for i = 1, 2, . . . , n. Notice that for all k ∈ Ki, we have E(k, 0) = E(x−1i k, 0), so we can assume that xi = 1 for all
(x1, x2, . . . , xn) ∈ Ki. If |Ki| < (qm)n−1q1−i, there exists v = (v1, v2, . . . , vn) ∈ An \ Ki such that v1, v2, . . . , vi−1 6∈ U(A)
and vi = 1. Since K is a 0-short covering of An, there are k = (k1, k2, . . . , kn) ∈ K and λ ∈ A such that λk = v. As vi = 1,
it follows that λki = 1. We also have k1, k2, . . . , ki−1 6∈ U(A) and so we get k ∈ Ki. This implies that ki = λ = 1 and
consequently v = k ∈ Ki which is a contradiction and this completes the proof. 
By specializing the ring in Theorem 3.1, we easily obtain the following corollary:
Corollary 3.2. If we take A = GR(ps,m), the Galois ring over Zps of order m, then A is a finite chain ring with q = pm and
nilpotency index s in the notation of Theorem 3.1. Then, using Theorem 3.1 we see that
c(GR(ps,m), n, 0) =
(
(pm)n − 1
pm − 1
)(
(pm)s
pm
)n−1
.
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Further, if we specialize the ring to Zpm , we then obtain the result of [1] as a corollary:
Corollary 3.3 ([1]). If we take A = Zpm , then q = p and the nilpotency index is m and so by Theorem 3.1 we get
c(Zpm , n, 0) =
(
pn − 1
p− 1
)(
pm
p
)n−1
.
3.2. The connection between cRT(A, n, R) and c(A, n− R, 0)
First, we introduce two operations on vectors:
For
a = (a1, a2, . . . , an) ∈ An,
we define
a˙ = (aR+1, aR+2, . . . , an),
i.e., we delete the first R coordinates of a and call this shortened vector the tail of a.
For b ∈ An−R, we will denote by 0b the vector (0, 0, . . . , 0, b1, . . . , bn−R) ∈ An, i.e., we add R zeros to the left of b to get a
vector in An.
Now, suppose that H is a 0-short cover of An−R. This means that
An−R ⊆
⋃
h∈H
E(h, 0). (3.2)
Notice that E(h, 0) = {αh|α ∈ A}. Let us consider
OH = {0h|h ∈ H},
i.e. we extend the lengths of the elements ofH by adding R zeros to the vectors inH . We claim that OH is an R-short covering
of An with respect to the RT-metric. To do this, suppose a is given. Then, a˙ is a vector in An−R and since H is a 0-short cover
of An−R, there exists h ∈ H such that a˙ ∈ E(h, 0). Hence, a˙ = αh for some α ∈ A. But this means that dRT(a, α0h) ≤ R and
consequently a ∈ ERT(0h, R)which proves the claim.
Conversely, we assume that K ⊆ An is an R-short covering of An with respect to the RT-metric. We claim that
K˙ = {k˙|k ∈ K}
is a 0-short covering of An−R. Let b ∈ An−R. Then 0b ∈ An and consequently, it must be in one of the ERT(k, R) for some k ∈ K .
So, 0b ∈ BRT(αk, R) for some α ∈ A. Hence, dRT(0b, αk) ≤ Rwhich means
b = (αkR+1, αkR+2, . . . αkn) = αk˙ (3.3)
for α ∈ A and k˙ ∈ K˙ . This proves that b ∈ E(k, 0)which proves the claim.
By combining these two results we see that there is a one to one correspondence between 0-short coverings of An−R and
R-short coverings of An with respect to the RT-metric. Thus we have proved the following theorem:
Theorem 3.4. For any finite ring A,
cRT(A, n, R) = c(A, n− R, 0).
Now combining Theorems 3.1 and 3.4 we obtain:
Theorem 3.5. Let A be a finite chain ring with A/N ' Fq and the nilpotency index m. Then
cRT(A, n, R) =
(
qn−R − 1
q− 1
)(
qm
q
)n−R−1
.
Finally, by specializing the ring, we get the following two corollaries:
Corollary 3.6. If A = GR(ps,m), the Galois ring of size psm, then
cRT(A, n, R) =
(
(pm)n−R − 1
pm − 1
)(
(pm)s
pm
)n−R−1
.
Corollary 3.7 ([3]).
cRT(Zpm , n, R) =
(
pn−R − 1
p− 1
)(
pm
p
)n−R−1
.
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4. Conclusion
The covering problem with respect to the RT-metric for any ring and the short covering problem for finite chain rings
were resolved completely. One possible direction of research could be the determination of the short covering problem for
all finite Frobenius rings which are an important class of rings for coding theory.
Of course the R-short covering problem for rings with respect to the Hamming weight is still an open problem when
R 6= 0. Similar methods could be tried to investigate this problem further.
Other metrics different than the RT-metric could be considered within the context of the same problem. However, in
many cases, the existence of a distance-preserving Gray map reduces the problem to the case of the Hamming distance for
finite fields.
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